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Abstract
Convexity properties of Weil-Petersson geodesics on the Teichmu¨ller
space of punctured Riemann surfaces are investigated. A normal form
is presented for the Weil-Petersson Levi-Civita connection for pinched
hyperbolic metrics. The normal form is used to establish approxima-
tion of geodesics in boundary spaces. Considerations are combined to
establish convexity along Weil-Petersson geodesics of the functions the
distance between horocycles for a hyperbolic metric.
1 Introduction
Let T be the Teichmu¨ller space of marked genus g, n punctured Riemann
surfaces with hyperbolic metrics. Associated to hyperbolic metrics on Rie-
mann surfaces are quantities on Teichmu¨ller space: the Weil-Petersson (WP)
metric, the geodesic-length functions and for n > 0 the functions with val-
ues the distances between unit-length horocycles. A fundamental property
of geodesic-length functions is their convexity along WP geodesics. We now
generalize the property and show that the distance between horocycles is also
convex along WP geodesics. In particular we show for surfaces with punc-
tures that the distance between horocycles and WP geodesics are suitably
approximated by geodesic-lengths and WP geodesics for surfaces without
punctures. The convexity of the distance between horocycles provides new
information on the behavior of WP geodesics.
There are applications of the convexity of geodesic-length functions. The
convexity and properness for a set of filling geodesic-lengths provides for a
solution of the Nielsen realization problem and provides that with the WP
metric T is a convex space [Wol87]. The convexity and refined forms of Ma-
sur’s expansion are the essential ingredients in showing that the augmented
∗2000 Mathematics Subject Classification Primary: 32G15; Secondary: 20H10, 30F60.
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Teichmu¨ller space is CAT (0) with all strata convex [DW03, Wol03, Yam01].
The convexity also provides for the convexity of Bers regions, an impor-
tant consideration in establishing Brock’s quasi isometry between T and
the pants graph [Bro03].
The decorated Teichmu¨ller space D for surfaces with cusps is a principal
R
n
+-bundle over T [Pen87, Pen04]. Penner continues his investigation of the
mapping class group invariant geometry ofD and T . Mapping class group in-
variant cell decompositions are obtained from decompositions of hyperbolic
surfaces involving disjoint collections of simple geodesics between cusps. The
cells are indexed by ribbon graphs (fatgraphs) and the decompositions are
considerations for several celebrated results. Maximal collections of disjoint
simple geodesics between cusps also give rise to global coordinates. Consid-
erations begin with Penner’s lambda length parameter, the root exponential
distance between horocycles λ = (2eδ)1/2 [Pen87, Pen04]. The description
of T , the WP symplectic form, and the action of mapping classes is partic-
ularly straightforward. Most recently McShane and Penner investigate the
degeneration of hyperbolic metrics and determine which geodesic-lengths
can be small in a given cell [MP07]. Also recently Mondello considers the
Teichmu¨ller space Tb of hyperbolic surfaces with geodesic boundaries and
investigates the distance between boundaries as a generalization of the dis-
tance between horocycles. He finds that the WP Poisson geometry of Tb
limits to a Poisson geometry of T [Mon07].
Masur first considered the expansion of the WP metric for surfaces with
short geodesics (pinched surfaces) [Mas76]. Refined expansions for the met-
ric are presented in [Wol03, Wol56]. An expansion for the WP Levi-Civita
connection is required for a detailed understanding of WP geodesics for sur-
faces with short geodesics. In Section 4 we develop and present such an
expansion in Theorem 4.6. The expansion is a normal form in terms of the
short geodesic-length gradients {grad ℓ
1/2
α }α∈σ and a relative length basis
{grad ℓβ} for the remaining gradients of geodesic-lengths. To properly ana-
lyze surfaces with short geodesic-lengths the augmented Teichmu¨ller space
T , a partial compactification, is introduced. The geometry in a neighbor-
hood of a boundary space T (σ) = {ℓα = 0 | α ∈ σ} ⊂ T of marked degener-
ate hyperbolic metrics is considered. In Section 5 we develop and present an
appropriate C1-approximation of geodesics in T (σ) by geodesics in T with
ℓα, α ∈ σ, small. The approximation is presented for a geodesic γ(t) with the
initial values ℓα(γ(0)), 〈grad ℓ
1/2
α , γ˙(0)〉, 〈J grad ℓ
1/2
α , γ˙(0)〉, α ∈ σ all small
and J the almost complex structure. From an expansion for the Hessian of
ℓα and Theorem 5.2 the geodesic-lengths ℓα on γ(t) are C
2-almost constant.
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There are geodesics nearly parallel to the boundary spaces of T .
Distance between horocycles is also described in terms of lengths of closed
geodesics for a degenerating family of hyperbolic metrics and degenerating
collar widths 2w(α). For a hyperbolic geodesic ω0 between cusps p, q for a
surface R0 we introduce the double across the cusps R0 ∪p,q R0 and open
the cusps p, q to obtain an approximating surface R with an approximating
closed geodesic ω. The closed geodesic ω consists of segments in the thick
regions of R and segments crossing the collars C(p) and C(q). The length
ℓω − 2w(p) − 2w(q) of ω with the collar widths subtracted approximates
twice the distance 2ℓ˜ω0 between horocycles. We use the description of the
distance ℓ˜ω0 in terms of closed geodesics and collar widths to establish the
main result in Theorem 6.1. Our approach suggests that the convexity of
ℓω approximates the convexity of ℓω0 .
The discussion is arranged as follows. Certain aspects of hyperbolic
geometry are reviewed in Section 2. Formulas for the WP gradient and
Hessian of geodesic-length are presented in Section 3. A normal form for
the WP metric and covariant derivative are developed in Section 4. The
boundary spaces and approximation of geodesics of T is described in Section
5 and the main result is developed in Section 6.
The author thanks Yair Minsky for raising the question of convexity of
the distance between horocycles.
2 Collars, cusp regions and the mean value esti-
mate
A Riemann surface with hyperbolic metric can be considered as the union
of a thick region where the injectivity radius is bounded below by a positive
constant and a complementary thin region. The totality of all thick regions
of Riemann surfaces of a given topological type forms a compact set of metric
spaces in the Gromov-Hausdorff topology. A thin region is a disjoint union
of collar and cusp regions. We describe basic properties of collars and cusp
regions including bounds for the injectivity radius and separation of simple
geodesics.
We follow Buser’s presentation [Bus92, Chap. 4]. For a geodesic α of
length ℓα on a Riemann surface the collar about the geodesic is C(α) =
{d(p, α) ≤ w(α)} for the width w(α), sinhw(α) sinh ℓα/2 = 1. The width is
given as w(α) = log 4/ℓα + O(ℓ
2
α) for ℓα small. For H the upper half plane
with hyperbolic distance d( , ) a collar is covered by the region {d(z, iR+) ≤
w(α)} ⊂ H with deck transformations generated by z → eℓαz. The quotient
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{d(z, iR+) ≤ w(α)}/〈z → eℓαz
〉
embeds into the Riemann surface. For z
in H the prescribed region is approximately {ℓα/2 ≤ arg z ≤ π − ℓα/2}.
A cusp region C∞ is covered by the region {ℑz ≥ 1/2} ⊂ H with deck
transformations generated by z → z + 1. The quotient {ℑz ≥ 1/2}/〈z →
z + 1〉 embeds into the Riemann surface. The boundary of a collar C(α) for
ℓα bounded and boundary of a cusp region C∞ have length approximately
2.
Theorem 2.1. For a Riemann surface of genus g with n punctures given
pairwise disjoint simple closed geodesics α1, . . . , αm there exist simple closed
geodesics αm+1, . . . , α3g−3+n such that α1, . . . , α3g−3+n are pairwise disjoint.
The collars C(αj) about αj, 1 ≤ j ≤ 3g − 3 + n, and the cusp regions are
mutually pairwise disjoint.
On thin the injectivity radius is bounded below in terms of the distance
into a collar or cusp region. For a point p of a collar or cusp region of
a Riemann surface write inj(p) for the injectivity radius and δ(p) for the
distance to the boundary of the collar or cusp region. The injectivity radius
is bounded as follows, [Wol92, II, Lemma 2.1].
Lemma 2.2. The product inj(p) eδ(p) of injectivity radius and exponential
distance to the boundary is bounded below by a positive constant.
The standard consideration for simple closed geodesics and cusp regions
generalizes as follows, [Wol56, Lemma 2.3].
Lemma 2.3. A simple closed geodesic is disjoint from the cusp regions. A
simple closed geodesic is either disjoint from a collar or crosses the collar
or is the core geodesic.
We use the following mean value estimate for functions on the upper half
plane with hyperbolic area element dA, [Fay77].
Lemma 2.4. Harmonic Beltrami differentials and the exponential-distance
function e−2d(p,α˜) for a geodesic α˜ satisfy a mean value estimate on H with
constant determined by the radius of the ball. A non negative function f
satisfying a mean value estimate on H and a subset of a discrete group
G ⊂ Γ satisfy
∑
A∈G
f(A(p)) ≤ c inj(p)−1
∫
∪A∈GA(B(p,ǫ))
f dA
with constant determined by the mean value constant.
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3 The gradient and Hessian of geodesic-length
We review properties of the gradient and Hessian of geodesic-length as pre-
sented in [Wol56]. The reader should consult the reference for proofs and
further applications.
Points of the Teichmu¨ller space T are equivalence classes {(R, ds2, f)}
of marked complete hyperbolic structures with reference homeomorphisms
f : F → R from a base surface F . Basic invariants of a hyperbolic metric
are the lengths of the unique closed geodesic representatives of the non
peripheral free homotopy classes. For the non peripheral free homotopy
class α on F the length of the geodesic representative for f(α) is the value of
the geodesic-length ℓα at the marked structure. For R with uniformization
representation f∗ : π1(F ) → Γ ⊂ PSL(2;R) and α corresponding to the
conjugacy class of an element A then cosh ℓα/2 = trA/2. Collections of
geodesic-lengths provide local coordinates for T , [Bus92, IT92, Wol82].
From Kodaira-Spencer deformation theory the infinitesimal deforma-
tions of a surface R are represented by the Beltrami differentials H(R) har-
monic with respect to the hyperbolic metric, [Ahl61]. Also the cotangent
space of T at R is Q(R) the space of holomorphic quadratic differentials
with at most simple poles at the punctures of R. The holomorphic tangent-
cotangent pairing is
(µ,ϕ) =
∫
R
µϕ
for µ ∈ H(R) and ϕ ∈ Q(R). Elements of H(R) are symmetric tensors given
as ϕ(ds2)−1 for ϕ ∈ Q(R) and ds2 the hyperbolic metric. TheWeil-Petersson
(WP) Hermitian metric and cometric are given as
〈µ, ν〉Herm =
∫
R
µνdA and 〈ϕ,ψ〉Herm =
∫
R
ϕψ(ds2)−1
for µ, ν ∈ H(R) and ϕ,ψ ∈ Q(R) and dA the hyperbolic area element. The
WP Riemannian metric is 〈 , 〉 = ℜ〈 , 〉Herm. The WP metric is Ka¨hler, non
complete, with non pinched negative sectional curvature and determines a
CAT (0) geometry, see [Ahl61, Huaar, Nag88, Tro92, Wol03] for references
and background.
For a closed geodesic α conjugate the group Γ for the geodesic to corre-
spond to the deck transformation A : z → eℓαz with imaginary axis α˜ and
for p in H with coordinate z consider the pair of coset sums
Pα(p) =
∑
B∈〈A〉\Γ
e−2d(B(p),α˜) and Θα =
∑
B∈〈A〉\Γ
B∗
(dz
z
)2
(1)
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for 〈A〉 the cyclic group generated by A. For F a Γ fundamental domain an
unfolding
∫
F
∑
B∈〈A〉\Γ
f ◦B dA =
∑
B∈〈A〉\Γ
∫
B(F)
f dA =
∫
H/〈A〉
f dA
provides that Θα(ds
2)−1 and Pα are bounded in L
1 norm by a multiple
of ℓα and by Lemma 2.4 that the coset sums are convergent. The WP
gradient of geodesic-length is grad ℓα =
2
πΘα(ds
2)−1 with the infinitesimal
Fenchel-Nielsen right-twist deformation given as tα =
1
2J grad ℓα for J the
almost complex structure of T , [Gar75, Wol82]. We combined the formula
of Riera for pairing geodesic-length gradients with an analysis of the orbit
of a discrete group to develop an expansion for the pairing, [Wol56].
Theorem 3.1. The WP pairing of gradients for disjoint geodesics α, β sat-
isfies
〈grad ℓα, grad ℓβ〉 =
2
π
ℓαδαβ + O(ℓ
2
αℓ
2
β)
where for c0 positive the constant for the positive remainder term is uniform
for ℓα, ℓβ ≤ c0.
The Fenchel-Nielsen twist deformation and geodesic-length are related
by duality in the WP Ka¨hler form and satisfy
〈grad ℓα, J grad ℓβ〉 = −2
∑
p∈α∩β
cos θp (2)
for the sum over transverse intersections. The sum vanishes if the geodesics
are disjoint or coincide. For the coordinate z of H given in polar form
reiθ the hyperbolic distance to the imaginary axis satisfies e−2d(z,iR
+) ≤
sin2 θ ≤ 4e−2d(z,iR
+). The inequalities |B∗(dzz )
2(ds2)−1| ≤ 4e−2d(B,α˜) and
|Θα(ds
2)−1| ≤ 4Pα are consequences.
We review the description of the WP Hessian of geodesic-length, [Wol56].
It is natural to introduce a model for the hyperbolic plane presenting the
transformation z → λz as a translation. The horizontal strip S = {ζ | 0 <
ℑζ < π} is a suitable model. The upper half plane and horizontal strip
are related by the map ζ = log z. We consider for a Beltrami differential
µ ∈ H(Γ) and t small the family of qc homeomorphisms gt of S satisfying
gt
ζ
= tµgtζ and conjugating the translation ζ → ζ + ℓ to a translation ζ →
ζ + ℓt, [AB60]. We have from the translation equivariance the equation
gt(ζ + ℓ) = gt(ζ) + ℓt.
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The derivatives of geodesic-length are given for the fundamental domain
F = {ζ ∈ S | 0 ≤ ℜζ < ℓ} and deformation vector field g˙ = ddtg
t |t=0 as
follows.
Lemma 3.2. For µ ∈ H(Γ) with deformation vector field g˙ then
ℓ˙ =
2
π
ℜ
∫
F
µdE and ℓ¨ =
4
π
ℜ
∫
F
µg˙ζ dE
for dE the Euclidean area element.
The series Pα serves as a weight function to bound the convexity of
geodesic-length functions, [Wol56].
Theorem 3.3. The Hessian of geodesic-length is bounded in terms of the
weight function Pα for the WP pairing
〈µ, µPα〉 ≤ 3πHess ℓα[µ, µ] ≤ 48〈µ, µPα〉
for µ ∈ H(Γ).
The root geodesic-length function ℓ
1/2
α is also convex with positive defi-
nite Hessian. We review the basic expansion for the WP connection D and
the root geodesic-length gradient λα = grad ℓ
1/2
α , [Wol56]. The Rieman-
nian Hessian is directly related to covariant differentiation Hess h(U, V ) =
〈DU gradh, V 〉 for vector fields U, V , [O’N83].
Theorem 3.4. The WP connection D for the root geodesic-length gradient
λα satisfies
DUλα = 3ℓ
−1/2
α 〈Jλα, U〉Jλα +O(ℓ
3/2
α ‖U‖)
in terms of the WP norm ‖ ‖ where for c0 positive the remainder term
constant is uniform for ℓα ≤ c0.
4 Continuity of the WP pairing and connection
The WP completion is the augmented Teichmu¨ller space T . The space T
is described in terms of Fenchel-Nielsen coordinates and in terms of the
Chabauty topology for PSL(2;R) representations. The strata of T cor-
respond to collections of vanishing lengths and describe Riemann surfaces
with nodes in the sense of Bers, [Ber74]. We present a local frame for the
tangent bundle TT in terms of gradients of geodesic-length functions for a
neighborhood of a stratum point. The behavior of the WP pairing for the
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frame is presented in Lemma 4.2 and of the WP connection for the frame is
presented in Theorem 4.6.
The points of the Teichmu¨ller space T are equivalence classes {(R, f)} of
surfaces with reference homeomorphisms f : F → R. The complex of curves
C(F ) is defined as follows. The vertices of C(F ) are the free homotopy
classes of homotopically nontrivial, non peripheral, simple closed curves on
F . An edge of the complex consists of a pair of homotopy classes of disjoint
simple closed curves. A k-simplex consists of k + 1 homotopy classes of
mutually disjoint simple closed curves. A maximal set of mutually disjoint
simple closed curves, a partition, has 3g − 3 + n elements. The mapping
class group Mod acts on the complex C(F ).
The Fenchel-Nielsen coordinates for T are given in terms of geodesic-
lengths and lengths of auxiliary geodesic segments, [Abi80, Bus92, IT92]. A
partition P = {α1, . . . , α3g−3+n} decomposes the reference surface F into
2g− 2+n components, each homeomorphic to a sphere with a combination
of three discs or points removed. A marked Riemann surface (R, f) is like-
wise decomposed into pants by the geodesics representing the elements of
P. Each component pants, relative to its hyperbolic metric, has a combi-
nation of three geodesic boundaries and cusps. For each component pants
the shortest geodesic segments connecting boundaries determine designated
points on each boundary. For each geodesic α in the pants decomposition
of R a parameter τα is defined as the displacement along the geodesic be-
tween designated points, one for each side of the geodesic. For marked
Riemann surfaces close to an initial reference marked Riemann surface, the
displacement τα is the distance between the designated points; in general the
displacement is the analytic continuation (the lifting) of the distance mea-
surement. For α in P define the Fenchel-Nielsen angle by ϑα = 2πτα/ℓα.
The Fenchel-Nielsen coordinates for Teichmu¨ller space for the decomposi-
tion P are (ℓα1 , ϑα1 , . . . , ℓα3g−3+n , ϑα3g−3+n). The coordinates provide a real
analytic equivalence of T to (R+ × R)
3g−3+n, [Abi80, Bus92, IT92].
A partial compactification of Teichmu¨ller space is introduced by extend-
ing the range of the Fenchel-Nielsen parameters. The added points corre-
spond to unions of hyperbolic surfaces with formal pairings of cusps. The
interpretation of length vanishing is the key ingredient. For an ℓα equal to
zero, the angle ϑα is not defined and in place of the geodesic for α there ap-
pears a pair of cusps; the reference map f is now a homeomorphism of F −α
to a union of hyperbolic surfaces (curves parallel to α map to loops encircling
the cusps). The parameter space for a pair (ℓα, ϑα) will be the identification
space R≥0 × R/{(0, y) ∼ (0, y
′)}. More generally for the pants decomposi-
tion P a frontier set FP is added to the Teichmu¨ller space by extending the
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Fenchel-Nielsen parameter ranges: for each α ∈ P, extend the range of ℓα
to include the value 0, with ϑα not defined for ℓα = 0. The points of FP pa-
rameterize unions of Riemann surfaces with each ℓα = 0, α ∈ P, specifying a
pair of cusps. The points of FP are Riemann surfaces with nodes in the sense
of Bers, [Ber74]. For a simplex σ ⊂ P, define the σ-null stratum, a subset of
FP , as T (σ) = {R | ℓα(R) = 0 iff α ∈ σ}. Null strata are given as products
of lower dimensional Teichmu¨ller spaces. The frontier set FP is the union of
the σ-null strata for the sub simplices of P. Neighborhood bases for points
of FP ⊂ T ∪FP are specified by the condition that for each simplex σ ⊂ P
the projection ((ℓβ , ϑβ), ℓα) : T ∪ T (σ) →
∏
β /∈σ(R+ × R) ×
∏
α∈σ(R≥0) is
continuous. For a simplex σ contained in partitions P and P ′ the spec-
ified neighborhood systems for T ∪ T (σ) are equivalent. The augmented
Teichmu¨ller space T = T ∪σ∈C(F ) T (σ) is the resulting stratified topological
space, [Abi77, Ber74]. T is not locally compact since points of the frontier
do not have relatively compact neighborhoods; the neighborhood bases are
unrestricted in the ϑα parameters for α a σ-null. The action of Mod on
T extends to an action by homeomorphisms on T (the action on T is not
properly discontinuous) and the quotient T /Mod is topologically the com-
pactified moduli space of stable curves, [Abi77, see Math. Rev.56 #679].
We present an alternate description of the frontier points in terms of
representations of groups and the Chabauty topology. A Riemann surface
with punctures and hyperbolic metric is uniformized by a cofinite subgroup
Γ ⊂ PSL(2;R). A puncture corresponds to the Γ-conjugacy class of a
maximal parabolic subgroup. In general a Riemann surface with punctures
corresponds to the PSL(2;R) conjugacy class of a tuple (Γ, 〈Γ01〉, . . . , 〈Γ0n〉)
where 〈Γ0j〉 are the maximal parabolic classes and a labeling for punctures is
a labeling for conjugacy classes. A Riemann surface with nodes R′ is a finite
collection of PSL(2;R) conjugacy classes of tuples (Γ∗, 〈Γ∗01〉, . . . , 〈Γ
∗
0n∗〉)
with a formal pairing of certain maximal parabolic classes. The conjugacy
class of a tuple is called a part of R′. The unpaired maximal parabolic
classes are the punctures of R′ and the genus of R′ is defined by the relation
Total area = 2π(2g − 2 + n). A cofinite PSL(2;R) injective representation
of the fundamental group of a surface is topologically allowable provided
peripheral elements correspond to peripheral elements. A point of the Te-
ichmu¨ller space T is given by the PSL(2;R) conjugacy class of a topolog-
ically allowable injective cofinite representation of the fundamental group
π1(F ) → Γ ⊂ PSL(2;R). For a simplex σ a point of T (σ) is given by a
collection {(Γ∗, 〈Γ∗01〉, . . . , 〈Γ
∗
0n∗〉)} of tuples with: a bijection between σ and
the paired maximal parabolic classes; a bijection between the components
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{Fj} of F − σ and the conjugacy classes of parts (Γ
j , 〈Γj01〉, . . . , 〈Γ
j
0nj
〉) and
the PSL(2;R) conjugacy classes of topologically allowable isomorphisms
π1(Fj) → Γ
j , [Abi77, Ber74]. We are interested in geodesic-lengths for a
sequence of points of T converging to a point of T (σ). The convergence
of hyperbolic metrics provides that for closed curves of F disjoint from σ
geodesic-lengths converge, while closed curves with essential σ intersections
have geodesic-lengths tending to infinity, [Ber74, Wol90].
We refer to the Chabauty topology to describe the convergence for the
PSL(2;R) representations. Chabauty introduced a topology for the space
of discrete subgroups of a locally compact group, [Cha50]. A neighbor-
hood of Γ ⊂ PSL(2;R) is specified by a neighborhood U of the identity in
PSL(2;R) and a compact subset K ⊂ PSL(2;R). A discrete group Γ′ is
in the neighborhood N (Γ, U,K) provided Γ′ ∩K ⊆ ΓU and Γ ∩K ⊆ Γ′U .
The sets N (Γ, U,K) provide a neighborhood basis for the topology. We con-
sider a sequence of points of T converging to a point of T (σ) corresponding
to {(Γ∗, 〈Γ∗01〉, . . . , 〈Γ
∗
0n∗〉)}. Important for the present considerations is the
following property. Given a sequence of points of T converging to a point
of T (σ) and a component Fj of F − σ there exist PSL(2;R) conjugations
such that restricted to π1(Fj) the corresponding representations converge
element wise to π1(Fj)→ Γ
j, [Har74, Thrm. 2].
We now consider the WP geometry of geodesic-length functions in a
neighborhood of an augmentation point p of T (σ) ⊂ T . The null stratum
T (σ) is metrically characterized as the union of all WP distance-realizing
paths containing p as an interior point. For the following considerations
we refer to the elements of σ as the short geodesics. We are interested in
collections of geodesic-length gradients providing a frame for the tangent
bundle in a neighborhood of p.
Definition 4.1. A relative length basis for a point p of T (σ) is a collection
τ of vertices of C(F ) disjoint from the elements of σ such that at p the
gradients {grad ℓβ}β∈τ provide the germ of a frame over R for the tangent
space TT (σ).
Examples of relative length bases are given as the union of a partition and
a dual partition for R − σ, see [Bus92, Chap. 3 Secs. 3 & 4], [MM00,
markings in Sec. 2.5] and [Wol82, Thrm. 3.4]. The lengths of the elements
of a relative length basis are necessarily bounded on a neighborhood in
T . We consider below for a geodesic γ the root geodesic-length ℓ
1/2
γ and
gradient λγ = grad ℓ
1/2
γ . We introduce the convention that on T (σ) the
pairing 〈grad ℓα, grad ℓβ〉 vanishes for geodesics α, β on distinct components
(parts) of a Riemann surface with nodes.
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Lemma 4.2. The WP pairing of geodesic-length gradients 〈grad ℓα, grad ℓβ〉
is continuous in a neighborhood of a point p of T (σ) ⊂ T for α and β disjoint
from the simplex σ. The matrix P of WP pairings for a combined short and
relative length basis {λα, Jλα, grad ℓβ}α∈σ, β∈τ determines a germ at p of a
Lipschitz map P (q) = P (p)+O(dWP (q, p)) from T into a real general linear
group GL(R).
We now consider the geometry of the frames provided by combined short
and relative length bases. Lemma 4.2 provides the structure for a (Lipschitz)
extension of the tangent bundle of T over the stratum T (σ) of (formal)
codimension 2|σ|. The extension is a bundle over T of rank dimR T . We
note from Theorem 3.1 and formula (2) that the projections of the gradi-
ents {grad ℓβ}β∈τ onto the span of {λα, Jλα}α∈σ have length bounded as
O(
∑
α∈σ ℓ
3/2
α ). The span of the first set of vectors is almost the orthogonal
complement of the second set of vectors. We now show with the following
considerations that the WP connection almost splits near T (σ) for the pair
of subspaces.
We consider L∞ supremum norm bounds for Beltrami differentials as an
ingredient to bound the connection. For a geodesic α we conjugate the group
Γ for the geodesic to correspond to the deck transformation A : z → eℓαz
with imaginary axis α˜ and consider the coset sums (1). The transformation
A has fundamental domain F = {1 ≤ |z| < eℓα} with general collar Ca =
{1 ≤ |z| < eℓα , a ≤ arg z ≤ π − a} and collar exterior Ea = F − Ca. The
associated distance from arg z = a to the axis α˜ of A is log csc a + | cot a|.
The collar Theorem 2.1 provides for ℓα small that the collar of approximate
width log 4/ℓα embeds into the quotient H/Γ; the collar Cℓα/2 embeds into
the quotient.
Lemma 4.3. The Beltrami differentials for gradients of simple geodesic-
lengths are bounded as follows. For a short geodesic α with lift the imaginary
axis the supremum of grad ℓα−
2
π (
dz
z )
2(ds2)−1 on Cℓα/2 and of grad ℓα on the
complement of Cℓα/2 in H/Γ are bounded as O(ℓ
2
α). For a simple geodesic β
disjoint from the short geodesics the gradient grad ℓβ is supremum bounded
as O(ℓβ). The remainder term constants depend only on the constant for
short geodesic length.
Proof. We follow the approach of [Wol56, Lemma 3.13] and [Wol92]. We
bound the coset sums in L1 and then combine the mean value estimate
with the relation between injectivity radius and exponential distance for a
pointwise bound.
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The main matter is to understand the contribution of a collar comple-
ment in H. We consider the collar exterior integral
∫
Ea
|dzz |
2 = 2aℓα and
use the formula for distance to α˜ to give the bound ce−d(α˜,∂Ea)ℓα for the
integral for a small. We then apply the mean value estimate for the sum
S =
∑
{B} B
∗(dzz )
2(ds2)−1 for summand points {B(p)} contained in the col-
lar exterior Ea to find the bound |S(p)| ≤ c inj(p)
−1e−d(α˜,∂Ea)ℓα. Lemma 2.2
will provide a bound for the injectivity radius. The estimate for the gradient
is reduced to considering d(α˜, {B(p)}).
We first consider a short geodesic by taking {B} = 〈A〉\Γ − 〈A〉 and
a point p ∈ Cℓα/2. The points {B(p)} are contained in Eℓα/2 and a curve
from a B(p) to the imaginary axis α˜ projects to H/Γ to a curve that at least
leaves the collar and re enters the collar to connect to the core geodesic. The
distance d(B(p), α˜) is at least the sum of the distance to the collar boundary
and the collar width log 4/ℓα. The resulting bounds provide the first O(ℓ
2
α)
estimate. We next consider p ∈ Eℓα/2 with inj(p) ≥ c0 > 0. The injectivity
radius bound provides that {B(p)} is contained within a fixed neighborhood
of Eℓα/2. The resulting distance to α˜ is at least the collar width. The bounds
provide the second O(ℓ2α) estimate. We finally consider that p ∈ Eℓα/2 and
is contained in a cusp region or in the collar for a geodesic distinct from α.
The distance d(B(p), α˜) is at least the sum of the distance to the cusp or
collar boundary and the collar width. The bounds provide the third O(ℓ2α)
estimate. The bounds for a short geodesic are complete.
We consider a simple geodesic β disjoint from the short geodesics. By
Lemma 2.3 the geodesic β is disjoint from the cusp regions and collars about
the short geodesics. The distance from a point to β is at least the distance
to the cusp region or collar boundary. The bounds provide the desired O(ℓβ)
estimate. The proof is complete.
We are ready to consider continuity of the Hessian of a geodesic-length
disjoint from the short geodesics. We establish continuity by estimating in
terms of the lengths of short geodesics. Consider quantities in a neighbor-
hood of a point of T (σ) ⊂ T . We introduce the convention that on T (σ)
the Hessian Hess ℓβ(grad ℓγ , grad ℓη) vanishes for geodesics β, γ and η not on
a common component (part) of the limit.
Lemma 4.4. The quantity Hess ℓβ(grad ℓγ , grad ℓη) is continuous in a neigh-
borhood of a point of T (σ) for geodesics β, γ and η disjoint from the short
geodesics.
Proof. We consider a sequence in T converging to a point of T (σ). Con-
jugate the PSL(2;R) representations to arrange that each β has the imag-
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inary axis β˜ as a lift. We suppress subscripts and write Γ for a group in
the sequence. For 〈B〉 ⊂ Γ, the stabilizer of β˜, the corresponding funda-
mental domains F converge. The formula 4πℜ
∫
F µg˙ζ dE for the Hessian of
ℓβ is presented in Lemma 3.2. By Lemma 4.3 the Beltrami differentials for
grad ℓγ and grad ℓη are uniformly bounded in L
∞. Provided the Beltrami
differentials converge pointwise then standard estimates provide that the
ζ-derivatives of the deformation vector fields g˙ are bounded and converge
in L1(F), [AB60, Sec. 5.3, Coro.]. In summary pointwise convergence of
the gradients grad ℓγ and grad ℓη of geodesic-lengths disjoint from the short
geodesics will provide the desired continuity of the Hessian.
We establish the pointwise convergence. We conjugate the PSL(2;R)
representations a second time to arrange that the γ have the imaginary axis
as a lift. The Chabauty convergence of representations and from Lemma 2.4
the L1 collar exterior bound
∫
Ea
|dzz |
2 = 2aℓγ for the partial sum
∑
{B}B
∗(dzz )
2(ds2)−1
with {B(p)} ⊂ Ea provides that the grad ℓη converge pointwise. For β, γ and
η on a common component of the Chabauty limit the conjugations differ by
a convergent sequence in PSL(2;R). For β, γ and η on a common compo-
nent the gradients converge pointwise. Next for β, γ and η not on a common
component of the Chabauty limit let γ be the geodesic not on the component
of β. A curve from β to γ necessarily crosses the collar of a short geodesic.
The distance from β to γ is at least minα∈σ 2 log 1/ℓα. Equivalently in the
upper half plane the total lift of β is contained in a collar exterior Ecℓ2α for
γ. In particular on fixed-distance neighborhoods of β the Beltrami differ-
entials for the grad ℓγ are bounded in L
1 as O(ℓ2α). From Lemma 2.4 the
grad ℓγ converge pointwise to zero. Since the deformation vector fields g˙ζ
are bounded in L1, convergence of the ℓ¨β-integral to zero now follows. The
proof is complete.
We bound the Hessian evaluated on the gradient of short geodesic-
lengths. For the purpose of bounding Pβ we introduce eigenfunctions of
the Laplace-Beltrami operator. Considerations are based on two properties
of eigenfunctions. First, given ǫ positive there is a constant c(ǫ) such that
for a 2-eigenfunction f on a domain in H containing a metric ball B(p; ǫ)
the mean value property [Fay77, Coro. 1.3] is satisfied
f(p) = c(ǫ)
∫
B(p;ǫ)
f dA.
The constant is evaluated by considering an initially positive radial eigen-
function k. The equation Dk = 2k provides for an initial strict local min-
imum. The local minimum and equation k(p) = c(ǫ)
∫
B(p;ǫ) k dA provide
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the inequality 0 < Area(B(p; ǫ)) c(ǫ) < 1. Second, for z ∈ H with polar
form z = reiθ the increasing non negative function u(θ) = 1 − θ cot θ is a
2-eigenfunction. The modification v(θ) = min{u(θ), u(π − θ)} is a continu-
ous function and a 2-eigenfunction on the complement of the imaginary axis.
The initial expansion u(θ) = 13θ
2+O(θ4) provides that v(θ) is comparable to
sin2 θ. In particular for the geodesic β corresponding to a deck transforma-
tion B with imaginary axis β˜ the coset sum Mβ(p) =
∑
C∈〈B〉\Γ v(θ(C(p)) is
comparable to Pβ(p). The Γ-invariant function Mβ satisfies the mean value
property on H− ∪C∈〈B〉\ΓC
−1(β˜) (for ǫ-balls contained in the region.)
We consider Pβ on collars for short geodesics. A uniform bound follows
from the mean value estimate Lemma 2.4. To further bound Pβ or equiva-
lently Mβ in a collar represent the collar in H with coordinate z = re
iθ as
Cℓα = {1 ≤ r < e
ℓα , ℓα ≤ θ ≤ π − ℓα}. The uniform bound for Mβ and
expansion u = π/θ for θ close to π combine to provide a positive constant
c such that h = c ℓα(u(θ) + u(π − θ)) −Mβ is positive on the boundaries
θ = ℓα, π − ℓα of the collar.
We consider the behavior of the 〈B〉-invariant function h in the collar.
For all small ǫ an ǫ-neighborhood of the collar is disjoint from the Γ-orbit of
β˜. The function h satisfies the mean value property for points of the collar.
For a small ǫ the inequality Area(B(p; ǫ)) c(ǫ) < 1 excludes the possibility of
maxCℓα h being realized at points p for which B(p; ǫ) ⊂ Cℓα . A maximum is
realized only on the boundary. In conclusion c ℓα(u(θ) + u(π − θ)) provides
a uniform upper bound for Pβ on the collar.
We are ready to consider the Hessian evaluated on the gradients of short
geodesic-lengths.
Lemma 4.5. The quantities Hess ℓβ(V, V ) for V = grad ℓα and J grad ℓα are
bounded as O(ℓ2α) with a remainder constant depending only on the bounds
for the length of α and β.
Proof. The Hessian by Theorem 3.3 is bounded by the WP pairing with
the weight function Pβ. From the Cauchy Schwartz inequality and Lemma
4.3 it is enough to separately consider the contribution of the principal
term 2π (
dz
z )
2(ds2)−1 on the collar Cℓα and a remainder term bounded in L
∞
by O(ℓ2α). In fact since Pβ has bounded L
1 norm the contribution of the
remainder term to Hess ℓβ is O(ℓ
4
α), a suitable bound.
We consider the principal term for the collar. The term for the Beltrami
differential is 2π (
dz
z )
2(ds2)−1. A bound for the weight function is c ℓu(θ) and
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the resulting comparison integral is
∫ eℓ
1
∫ π−ℓ
ℓ
r2 sin2 θ ℓ(1−θ cot θ)
|dz|2
|z|4
= ℓ2
∫ π−ℓ
ℓ
sin2 θ(1−θ cot θ) dθ = O(ℓ2).
The proof is complete.
We are ready to describe the WP connection in a neighborhood of a
point of T (σ) ⊂ T with the short geodesic-lengths σ and relative length
basis τ . The WP metric is Ka¨hler and consequently J is parallel.
Theorem 4.6. The WP connection for a combined frame of gradients {λα, Jλα, grad ℓβ}α∈σ,β∈τ
for α,α′ ∈ σ, β, β′ ∈ τ satisfies:
DJλαλα = 3/(2πℓ
1/2
α )Jλα +O(ℓ
3/2
α ), Dλα′λα = O(ℓ
3/2
α ),
DJλα′λα = O(ℓα(ℓ
3/2
α′ + ℓ
1/2
α )), for α 6= α′, Dgrad ℓβλα = O(ℓα),
Dλα grad ℓβ = O(ℓ
1/2
α ), DJλα grad ℓβ = O(ℓ
1/2
α ), and Dgrad ℓβ′ grad ℓβ is
continuous at T (σ) with value zero if β and β′ lie on distinct parts. The
remainder term constants depend only on the constant for short geodesic-
length.
Proof. The expansions follow from combining the above considerations.
The proof is complete.
5 Approximating WP geodesics
We show in general that a geodesic in a stratum T (σ) ⊂ T is appropriately
C1-approximated by geodesics in the Teichmu¨ller space T . In Section 6
we use the property to approximate geodesics for punctured surfaces by
geodesics for compact surfaces, and to then analyze the variation of the
distance between horocycles. To understand the geodesic approximation
near a point of T (σ) we write the geodesic equation in terms of the frame
of a combined short and relative length basis and apply the estimates of
Sections 3 and 4. The approximation is presented in Theorem 5.2.
We describe the setup. The combined short and relative length basis
{λα, Jλα, grad ℓβ}α∈σ,β∈τ provides a frame F for the tangent space TT near
a point of T (σ), and the relative length basis {grad ℓβ}β∈τ provides a frame
for the tangent space TT (σ) near the point. We denote the general element
of the frame F as vκ and also write {vκ} for the frame. Considerations
will involve the pairs of gradients λα, Jλα for α ∈ σ. We write (J)λα or
v(J)α to denote the pair. We begin considerations by expressing the tangent
field of a geodesic γ(t) in T or T (σ) in terms of the frame {vκ} as follows
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γ˙ = (vκ)
t(cκ) for a column vector of coefficients and the frame elements (for
γ ⊂ T (σ) the subframe {vβ}β∈τ locally spans TT (σ) and the coefficients
c(J)α are set equal to zero.) We now have the equation
(ℓ˙β(γ)) = (〈vβ , γ˙〉) = (〈vβ , vκ〉)(cκ) for β ∈ τ (3)
for the column vectors of derivatives and the matrix of gradient pairings.
We have from the geodesic equation Dγ˙ γ˙ = 0 and differentiating along the
geodesic the equation
(ℓ¨β(γ)) = (γ˙〈vβ, γ˙〉) = (〈Dγ˙vβ, γ˙〉) = (cρ)
t(〈Dvρvβ, vκ〉)(cκ) for β ∈ τ (4)
for the appropriate column vectors.
To relate geodesics in T to geodesics in T (σ) we introduce a coordinate
projection and a coefficient projection for vectors given as a sum of frame
elements. We introduce coordinates for a neighborhood of p ∈ T (σ) as fol-
lows. Begin with a partition P for the reference surface F with σ ⊂ P. Short
geodesic-lengths and Fenchel-Nielsen angles in combination with the relative
length basis lengths {ℓα, ϑα, ℓβ}α∈σ,β∈τ provide coordinates for a neighbor-
hood U of p. We define locally the coordinate projection by associating to
a point q ∈ U with coordinates {ℓα(q), ϑα(q), ℓβ(q)} the projected point
q† ∈ T (σ) with coordinates {ℓα = 0, ℓβ(q)}. We define locally the coefficient
projection by associating to the element of the span of F with coefficients
(aκ)κ∈σ∪Jσ∪τ the element with coefficients (aκ)κ∈τ (the coefficients with in-
dices in σ ∪ Jσ are set equal to zero.) We write (aκ)† for the projection
of an element (aκ) of the span of F and write (〈vη , vκ〉)† for the projection
(〈vη , vκ〉)η,κ∈τ of the pairing matrix. We now use the projections to relate
geodesics. A unit-speed geodesic γ(t) in T close to T (σ) has tangent field
described in terms of the frame F and projections as follows.
Lemma 5.1. For a point in T (σ) there is a neighborhood U in T and a
positive value t0 such that a unit-speed geodesic γ(t) with initial point in
U and 〈λα, γ˙(0)〉 = 〈Jλα, γ˙(0)〉 = 0, α ∈ σ, is described as follows. The
root geodesic-length functions ℓ
1/2
α on the geodesic satisfy for 0 ≤ t ≤ t0 the
inequalities ℓ
1/2
α (0) ≤ ℓ
1/2
α (t) ≤ 2ℓ
1/2
α (0) with the quantities 〈λα, γ˙〉, 〈Jλα, γ˙〉
bounded as O(ℓ
3/4
α ). The derivatives of the geodesic-length functions ℓβ along
the geodesic satisfy
(ℓ˙β(γ)) = (〈vβ , vκ〉)†(cκ)† + O(
∑
α∈σ
ℓα) and
(ℓ¨β(γ)) = (cρ)
t
†(〈Dvρvβ, vκ〉)†(cκ)† + O(
∑
α∈σ
ℓα)
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for the tangent field expressed as γ˙ = (vκ)
t(cκ) in terms of the frame F . The
value t0 and remainder term constants depend only on the choice of the set
U .
Proof. The considerations are a collection of estimates. We first consider
〈(J)λα, γ˙〉. From the initial vanishing of the derivative and the convexity
of root geodesic-length functions it follows that ℓ
1/2
α is increasing on γ for t
positive. On an interval of t positive the functions ℓ
1/2
α are bounded by their
endpoint values. We introduce the function F (t) = 〈λα, γ˙(t)〉
2+〈Jλα, γ˙(t)〉
2
and use Theorem 4.6 to find an expansion for its derivative. The principal
terms combine to cancel and it follows that dFdt is O(ℓ
3/2
α ) with a uniform
constant provided ℓα ≤ c0. Since F (0) = 0 it follows that F (t) is O(tℓ
3/2
α )
with a uniform constant provided ℓ ≤ c0. Further since 〈λα, γ˙(t)〉
2 ≤ F (t) it
follows that ℓ
1/2
α (t) ≤ ℓ
1/2
α (0)+O(t3/2ℓ
3/4
α ) ≤ ℓ
1/2
α (0)+O(t3/2) with a uniform
constant on any interval with ℓα ≤ c0. It follows for ℓα(0) sufficiently small
that the interval with ℓα ≤ 1 contains a fixed initial open interval in t.
(The values ℓα, 1/ℓα are bounded on γ. We apply Lemma 4.2 to bound the
gradients grad ℓβ on γ, and to bound the values ℓβ, 1/ℓβ . It follows that the
geodesic γ exists for a uniform interval in t.) It further follows that there is
an initial subinterval on which the remainder term O(t3/2ℓ
3/4
α ) is explicitly
bounded by ℓ
1/2
α /2 which results in the inequality ℓ
1/2
α (t) ≤ 2ℓ
1/2
α (0) for the
subinterval. The estimates for ℓ
1/2
α and 〈(J)λα, γ˙〉 are complete.
We proceed and bound the coefficients cα and cJα as O(ℓ
3/4
α ). The tan-
gent field γ˙ has unit length. A uniform bound for the coefficients follows
from the defining equation γ˙ = (vκ)
t(cκ) and Lemma 4.2. Next from Theo-
rem 3.1 the off-diagonal pairings 〈vα, vκ〉, κ 6= α, and 〈vJα, vκ〉, κ 6= Jα, are
bounded at least as O(ℓ
3/2
α ). We combine estimates to find that 〈vα, γ˙〉 =
〈vα, vα〉cα + O(ℓ
3/2
α ) and 〈vJα, γ˙〉 = 〈vJα, vJα〉cJα + O(ℓ
3/2
α ) with uniform
remainder constants. The desired bounds for cα and cJα now follow from
the bounds for 〈(J)λα, γ˙〉 and Theorem 3.1. The coefficient estimates are
complete.
We proceed and bound the derivatives of ℓβ along γ. We consider (3)
and gather terms with κ in σ ∪ Jσ to form a remainder term. Theorem
3.1 provides for the first expansion with a uniform remainder constant. We
consider (4) and gather terms with at least one of ρ or κ in σ ∪ Jσ to form
a remainder term. Lemma 4.5 and the estimates for c(J)α provide for the
second expansion with a uniform remainder constant. The proof is complete.
We consider with Lemma 5.1 a unit-speed geodesic γ0(t) contained in
T (σ) with U a suitable neighborhood in T of the initial point and t0 a suit-
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able value. Given δ positive we consider an approximating geodesic γ(t)
contained in T with initial point in U , with 〈λα, γ˙(0)〉 = 〈Jλα, γ˙(0)〉 = 0,
for α ∈ σ, and with |ℓ˙β(γ(0))− ℓ˙β(γ0(0))| < δ, for β ∈ τ . In general we write
(ℓβ(γ), ℓ˙β(γ)) and (ℓβ(γ0), ℓ˙β(γ0)) to denote the column vectors of values and
first derivatives along the geodesics. We combine the above considerations to
derive integral-equations for the vectors (ℓβ(γ), ℓ˙β(γ)) and (ℓβ(γ0), ℓ˙β(γ0))
for the relative length basis. We consider preliminaries. The coordinate
projection satisfies ℓβ(γ†(t)) = ℓβ(γ(t)) for β ∈ τ and consequently differ-
entiation in t commutes with the coordinate projection. We write for the
relative length basis
P† = (〈vη , vκ〉)† and A = P
−1
† (〈Dvρvη, vκ〉)†P
−1
†
for the symmetric matrix of gradient pairings and the conjugated matrix of
covariant derivatives. By Lemma 4.4 the covariant derivatives 〈Dvρvη, vκ〉
for ρ, η, κ ∈ τ are continuous in a neighborhood of the stratum T (σ). We can
further select the neighborhood U to arrange that the intersection U ∩T (σ)
is relatively compact in T (σ). It then follows from Lemma 4.4 that A(γ) =
A(γ†)+o(1) with a uniform remainder, in particular the matrix A evaluated
on γ and on the coordinate projection γ† differ by a quantity uniformly
bounded along γ and γ†. We conclude from Lemmas 4.2 and 5.1 for a
suitable neighborhood U that for 0 ≤ t ≤ t0
(ℓ¨β(γ)) = (ℓ˙ρ(γ))
tA(γ†)(ℓ˙κ(γ)) + o(1)
for ρ, κ ∈ τ and on integration conclude that
(ℓ˙β(γ(t))) =
(
ℓ˙β(γ(0)) +
∫ t
0
(
(ℓ˙ρ(γ))
tA(γ†)(ℓ˙κ(γ))
)
(s) ds + o(1)
)
. (5)
The geodesic γ0 is contained in the stratum T (σ) with the local coordinates
(ℓβ) for which an exact relation is satisfied for 0 ≤ t ≤ t0
(ℓ¨β(γ0)) = (ℓ˙ρ(γ0))
tA(γ0)(ℓ˙κ(γ0))
for ρ, κ ∈ τ and on integration conclude that
(ℓ˙β(γ0(t))) =
(
ℓ˙β(γ0(0)) +
∫ t
0
(
(ℓ˙ρ(γ0))
tA(γ0)(ℓ˙κ(γ0))
)
(s) ds
)
. (6)
We are ready to describe the C1-approximation of the geodesic γ0 by the
geodesic γ in terms of the short geodesics σ and the relative length basis τ .
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Theorem 5.2. For a point p in T (σ) and ǫ positive there exist a neighbor-
hood U in T , and positive values δ, t0 as follows. For a unit-speed geodesic
γ0 contained in T (σ) with γ0(0) = p then a geodesic γ with γ(0) in U , with
〈λα, γ˙(0)〉 = 〈Jλα, γ˙(0)〉 = 0, α ∈ σ, and with ‖(ℓ˙β(γ(0)) − ℓ˙β(γ0(0)))‖ < δ
approximates as follows. The geodesics γ, γ0 exist on the interval −t0 ≤
t ≤ t0. The root geodesic-length functions ℓ
1/2
α , α ∈ σ, on γ(t) for −t0 ≤
t ≤ t0 satisfy the inequalities ℓ
1/2
α (0) ≤ ℓ
1/2
α (t) ≤ 2ℓ
1/2
α (0) with the quantities
〈λα, γ˙〉, 〈Jλα, γ˙〉 bounded as O(ℓ
3/4
α ). The relative length basis functions for
−t0 ≤ t ≤ t0 satisfy the inequality ‖(ℓβ(γ), ℓ˙β(γ)) − (ℓβ(γ0), ℓ˙β(γ0))‖ < ǫ.
The remainder term constant depends only on the choice of p and ǫ.
Proof. The bounds for the short geodesic-lengths and the existence interval
for the geodesics are provided in Lemma 5.1. We now refer to the integral
equations (5) and (6) to apply the basic inequality for first-order differential
equations. Observations are in order. For the integral equations (5) and (6)
the matrix-valued function A is evaluated on U ∩T (σ), since the coordinate
projection γ† lies in and γ0 is given in T (σ). The WP metric on T (σ) is
smooth and the intersection U ∩ T (σ) is given above as relatively compact.
The function f(ℓβ, ℓ˙β) = (ℓ˙β)
tA(ℓ˙β) of the values (ℓβ, ℓ˙β) is uniformly Lip-
schitz on U ∩ T (σ). We can apply Theorem 2.1 of [CL55] to obtain the
desired bounds for the relative length basis. The proof is complete.
6 Convexity of the distance between horocycles
We show for a pair of cusps on a hyperbolic Riemann surface that the
distance between horocycles is a WP strictly convex function on the Te-
ichmu¨ller space. The convexity is presented as an application of the con-
vexity of geodesic-length functions [Wol87, Wol56], and the approximation
of geodesics in a stratum described in Theorem 5.2. To this purpose for
a hyperbolic geodesic ω0 between cusps p, q for a surface R0 we introduce
the double across the cusps R0 ∪p,q R0 and open the cusps p, q (consid-
ered as nodes) to obtain an approximating surface R with an approximating
closed geodesic ω. The closed geodesic ω consists of segments in the thick
regions of R and segments crossing the collars C(p) and C(q). The length
ℓω − 2w(p) − 2w(q) of ω with twice the collar widths subtracted approxi-
mates twice the distance 2ℓ˜ω0 between horocycles. We use the description
of distance in terms of closed geodesics and collar widths to establish the
convexity in Theorem 6.1.
We describe the setup. Consider a surface R0 with a collection of cusps
N . For the conjugate complex structure R0 consider the union R0 ∪N R0
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as a Riemann surface with nodes where the elements of N on R0 and R0
are formally paired to form nodes. Introduce the reference topological sur-
face F with the simplex σ of the complex of curves C(F ) and a reference
homeomorphism from F −∪α∈σα to R0∪N R0 with the elements of σ corre-
sponding to the cusp-pairs of N . The Riemann surface with nodes R0∪N R0
represents a point of the stratum T (σ) for the augmented Teichmu¨ller space
T (F ) of hyperbolic structures for F .
The identity map for the underlying topological surface R0 induces an
anti conformal reflection υ0 of R0 ∪N R0. The mapping υ0 corresponds to
an orientation reversing self homeomorphism υ of F with υ ◦ υ = id and
with υ fixing the elements of σ. The mapping υ determines an involutive
element of the extended mapping class group. The mapping acts on T (F )
as an anti biholomorphic WP isometry. Following Definition 4.1, there is a
local frame for the tangent bundle adapted to the action of υ. Accordingly
introduce a relative length basis τ for R0 ∪N R0 with the elements of τ
permuted by υ. The elements of τ are disjoint from the elements of σ. The
gradients {λα, Jλα, grad ℓβ}α∈σ,β∈τ provide a local frame for TT (F ) in a
neighborhood of R0 ∪N R0. The mapping υ fixes the elements of σ and
permutes the elements of τ . The mapping acts on the local frame as follows
dυ(λα) = λα, dυ(Jλα) = −Jλα and dυ(grad ℓβ) = grad ℓυ(β).
The fixed point locus in T (F ) of the involution υ is a totally geodesic
locus. The locus parameterizes marked structures with υ realized as a re-
flection (such marked hyperbolic structures for F are in bijection to marked
hyperbolic structures with geodesic boundary for the quotient F/〈υ〉.) Ac-
cordingly for the WP geodesic equation, initial conditions invariant by υ
determine a geodesic parameterizing marked structures with υ realized as a
reflection.
Now the considerations for Theorem 6.1 begin with a geodesic γ00 in the
Teichmu¨ller space of R0 with the geodesic containing a point representing
R0. Introduce the geodesic γ0 in the product Teichmu¨ller space of R0∪N R0
given as γ00∪N γ00. For γ00 describing a family of Riemann surfaces R with
the collection of cusps N on fibers, the geodesic γ0 describes the family of
Riemann surfaces (R,R) with the cusps N on fibers of R and R formally
paired. The geodesic γ0 is contained in the stratum T (σ) and is fixed by
the action of υ. On γ0 the geodesic-lengths for the relative length basis τ
satisfy ℓβ(γ0) = ℓυ(β)(γ0) = ℓβ(υ(γ0)) and consequently for the tangent field
of the geodesic dℓβ(γ˙0) = dℓβ(dυ(γ˙0)). Now from Theorem 5.2 there is a
neighborhood of the point p0 = R0 ∪N R0 in T (F ) and the geodesic γ0 is
approximated by geodesics of T (F ) with approximating geodesics containing
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base points in the neighborhood. The approximation is now specialized
to specify geodesics γ with base points q0 in the neighborhood with the
geodesics fixed by the action of υ. First, a base point q0 is selected on the
fixed point locus of υ (the locus is given by equations ℓυ(β) = ℓβ, β ∈ τ and
appropriate values of the Fenchel-Nielsen angles ϑα, α ∈ σ.) Second, the
tangent t to γ at q0 is specified by the equations dℓβ(t) = dℓβ(t0), β ∈ τ ,
for t0 the tangent to γ0 at p0 and the equations 〈λα, t〉 = 〈Jλα, t〉 = 0,
α ∈ σ. The initial conditions for γ are invariant by the action of υ. Third,
the base point q0 is close to p0 provided for β ∈ τ and α ∈ σ the values
(ℓβ(q0), ℓα(q0)) are close to the values (ℓβ(p0), 0). Theorem 5.2 now provides
for approximating geodesics γ fixed by the action of υ and close to γ0.
Geodesics between cusps on the hyperbolic surface R0 are approximated
by closed geodesics on the approximating surfaces. Distance between horo-
cycles on R0 is approximated by the length of geodesic segments in the
complement of the σ collars on the approximating surfaces. The association
between geodesics and segments is as follows. A geodesic between cusps
with a choice of appropriate horocycles about the cusps determines a homo-
topy class of an arc connecting the horocycles with endpoints relative to the
horocycles. The homotopy class does not depend on the choice of horocycles
since cusp neighborhoods are fibered by horocycles. In particular a geodesic
between cusps on R0 determines a geodesic and a homotopy class relative to
horocycles on each component of R0 ∪N R0. The reference homeomorphism
from F −∪α∈σα to R0∪N R0 provides for a pair of homotopy classes relative
to σ on F and so provides for a pair of homotopy classes relative to the short
geodesics σ on a marked surface R of T (F ) close to R0 ∪N R0. A homotopy
class relative to the short geodesics σ on a marked surface R contains a
unique length minimizing representative orthogonal to σ. For marked sur-
faces with υ realized as a reflection, the length minimizing representatives
of the pair of homotopy classes are interchanged by the reflection and σ is
pointwise fixed by the reflection. It follows that the length minimizing rep-
resentatives combine to form a smooth closed geodesic on marked surfaces
R with reflection υ and close to R0 ∪N R0.
The thin regions on marked surfaces R consist of any cusps not in N and
the collars about α, α ∈ σ. The thin region of R0 ∪N R0 consists of cusps
(in N and not in N .) The Chabauty topology for T (F ) provides that the
geometry of the thick region of R is close to the geometry of the thick region
of R0 ∪N R0. The closed geodesic described above consists of a segment on
the thick region of R0, a segment on the thick region of R0 and two segments
crossing σ collars. The segments on the thick regions are interchanged by the
reflection υ and the segments in the collars are stabilized by the reflection
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υ. The segments in the collars are orthogonal to the collar core geodesics
and so are orthogonal to the collar meridians. It follows that the length of
a segment in a collar is exactly twice the width of the collar. For R with
reflection υ and close to R0 ∪N R0 the length of a segment of the closed
geodesic in the thick region is close to the length of the geodesic segment
connecting horocycles on R0. In summary the length of the closed geodesic
with twice the collar widths subtracted is close to twice the length of the
geodesic segment connecting horocycles.
Theorem 6.1. For a marked surface R0 with a hyperbolic geodesic ω0 be-
tween cusps and a choice of horocycle length at most 2, the distance ℓ˜ω0
along ω0 between associated horocycles is a WP strictly convex function.
The quantity Hess ℓ˜ω0 is bounded below in terms of the WP pairing and a
positive constant depending only on a positive lower bound for the geodesic-
lengths for R0.
Proof. As above, for ω0 a hyperbolic geodesic between not necessarily dis-
tinct cusps p, q introduce the double across cusps R0 ∪p,q R0. Following
Theorem 5.2, consider γ0 a geodesic containing R0 ∪p,q R0 and γ a geodesic
in the corresponding Teichmu¨ller space T (F ) with γ close to γ0, γ fixed by
the action of the involution υ, and the surfaces parameterized by γ with ap-
proximating closed geodesics ω. Following Theorem 2.1, consider the collars
C(p), C(q) about the short geodesics (the opened nodes) for the surfaces pa-
rameterized by γ. The Chabauty topology provides for γ close to γ0 that the
geometry of corresponding thick regions of surfaces are close. In particular
the function ℓω − 2w(p) − 2w(q) along γ is close to the function 2ℓ˜ω0 along
γ0. From Section 2 the collar width is given as w(α) = log 4/ℓα+O(ℓ
2
α) and
the function 2ℓω − 2 log 4/ℓαp − 2 log 4/ℓαq is also close to the function 2ℓ˜ω0 .
We consider the behavior of log ℓα along γ. The second derivative is
(ℓ¨αℓα − ℓ˙αℓ˙α)ℓ
−2
α . Theorem 3.4 provides the expansion 2ℓαℓ¨α = (ℓ˙α)
2 +
3(ℓ˙α ◦ J)
2 + O(ℓ3α‖U‖
2) and consequently the second derivative of log ℓα is
given as −2ℓ−1α 〈λα, U〉
2+6ℓ−1α 〈Jλα, U〉
2+O(ℓα‖U‖
2). From Theorem 5.2 the
second derivative of log ℓα along γ is bounded as O(ℓ
1/2
α ‖U‖2). In particular
for γ close to γ0 the collar width is a shallow function along γ with second
derivative close to zero.
We consider a lower bound for the weight function Pω of Section 2.
Consider a marked surface R with reflection υ and close to R0 ∪p,q R0.
Introduce the reduced surface Rred defined as the complement in R of the
unit area horoball neighborhoods of the cusps. The reduced surface Rred
is the union of thick regions, each containing a segment of ω, each region
with geometry close to a thick region of R0∪p,qR0 and the collars C(p), C(q),
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each crossed by a segment of ω. By elementary considerations the diameter
of a thick region is bounded above in terms of a positive lower bound for
the geodesic-lengths for R0. The weight function is a sum of inverse square
exponential distances to ω and so is bounded below on a thick region in terms
of the diameter and is bounded below on a collar in terms of the maximal
meridian length 2. In summary Pω is bounded below on Rred in terms of a
positive lower bound for the geodesic-lengths for R0. Following Theorem 3.3
for µ a harmonic Beltrami differential, we have
∫
Rred
µµdA ≤ cHess ℓω[µ, µ]
for a constant depending on a positive lower bound for the geodesic-lengths
for R0. At the end of Section 3.3 of [Wol56] it is shown that the integral of
µµ over an area 1 horoball is bounded above in terms of a universal constant
and the integral over the complement of the area 1 horoball in the area 2
horoball. In particular the integral
∫
Rred
µµdA is bounded below in terms
of a universal positive constant and the WP pairing. The pairing for the
tangent field of γ converges to the pairing for γ0. In summary the convexity
of ℓω along γ is bounded below by a positive multiple of the WP pairing.
In conclusion the function ℓ˜ω0 along γ0 is a uniform limit of uniformly
convex functions and so is strictly convex. Finally for a cusp region the
distance between given length horocycles is universal and so a change of
choice of horocycle affects ℓ˜ω0 by adding a constant. The proof is complete.
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